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In this paper, we present a model for the late-time evolution of the universe where a dark energy-
dark matter interaction is invoked. Dark energy is modeled through an holographic Ricci dark
energy component. The model is embedded within an induced gravity brane-world model. For
suitable choices of the interaction coupling, the big rip and little rip induced by the holographic
Ricci dark energy, in a relativistic model and in an induced gravity brane-world model, are removed.
In this scenario, the holographic dark energy will have a phantom-like behaviour even though the
brane is asymptotically de Sitter.
I. INTRODUCTION
Recent astrophysical observations of type Ia super-
novae (SNIa) [1], cosmic microwave background (CMB)
[2], large scale structure (LSS) [3], and the recent Planck
measurements [4], suggest that our universe is undergo-
ing an era of accelerated expansion. Quantitative anal-
ysis shows that there is a dark energy component (DE)
with a negative pressure component leading to the cur-
rent accelerating expansion of the Universe. Since the
fundamental origin and nature of such a dark energy re-
main enigmatic at present, various models of dark energy
have been put forward, such as a small positive cosmo-
logical constant [5] and several kinds of scalar fields like
quintessence [6], k-essence [7], phantom [8], etc. Fur-
thermore, the price of explaining the current cosmic ac-
celeration by DE is the appearence of future singularities
at late-time Universe. While some singularities like a big
rip (BR) [8], sudden singularities [9, 10], big freeze sin-
gularities [11] and big brake singularities [12, 13] could
happen at a finite cosmic time, others abrupt which are
events smoother like a little rip (LR) [14–20], a little sib-
ling of a BR [21], a little bang and a little sibling of big
bang [22] could happen at a infinite cosmic time.
Currently, another model inspired by the holographic
principle has been put forward to explain the current cos-
mic acceleration, which states that the number of degrees
of freedom for a system within a finite region should be
finite and bounded by the area of its boundary [23, 24].
It is commonly believed that the holographic principle
[23–25] is a fundamental principle of quantum gravity.
Based on an effective quantum field theory, Cohen et al.
[26] pointed out that, for a system with size L, which is
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not a black hole, the quantum vacuum energy of the sys-
tem should not exceed the mass of the same size black
hole, i.e. L3ρΛ ≤ LM2p , where ρΛ is the vacuum energy
density fixed by UV cutoff Λ and Mp denotes the Plank
mass. The largest IR cutoff L is chosen by saturating the
inequality [27, 28] so that we get the holographic energy
density ρH = 3c
2M2p/L
2, where c is a numerical factor.
Later on and for convenience, we will instead use the pa-
rameter defined as β = c2. The holographic dark energy
model is based on applying the previous ideas to the uni-
verse as a whole with the goal of explaining the current
speed up of the universe. Then, the IR cutoff can be
taken as a cosmic scale of the universe, like the Hubble
horizon [27, 28], particle horizon, event horizon [27] or
second order geometrical invariants [29]. Another choice
for the IR cutoff L was suggested by Gao et al. [30] (see
also [31]), in which the IR cutoff of the holographic dark
energy (HDE) is taken to be the Ricci scalar curvature.
Being an invariant quantity, the Ricci scalar curvature
has many particularities such as its cosmological impli-
cations in describing the HDE [22, 30–32], its space-time
dependence and its advantages in avoiding the fine tun-
ing and the causality problems [27]. For all these reasons
we will choice the Ricci scalar as the holographic cutoff.
Another approach to explain the observed acceleration
of the late universe is based on alternative theory of
general relativity like the one inspired by string theory
such as the brane-world scenario. The induced gravity
brane-world model proposed by Dvali, Gabadadze,
and Porrati (DGP) is well known and studied [33]. It
contains two branches [34] the self accelerating branch
which suffers from some problems and the normal
branch. Even though the normal branch is healthy it
cannot describe the current acceleration of the universe
unless a dark energy component is invoked [35, 36] or
the gravitational action is modified [37]. In the context
of the DGP scenario, different models have been studied
with various kind of sources for DE in Refs [38–44].
Furthermore, in the context of the dark sector, one
of the main problem raised and without explanation
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2in the framework of ΛCDM cosmology is the cosmic
coincidence problem, i.e. why dark energy density is of
the same order of magnitude as cold dark matter energy
density (CDM). An interacting mechanism between these
two components could alleviate the cosmic coincidence
problem as suggested by several authors [40, 45–52].
These kind of interactions have been invoked in [53]
in order to explain the possible departure from the
ΛCDM model as measured recently by the experiment
of the BOSS [54] for a value of the Hubble parameter
at redshift z = 2.34. In Ref. [32], we pointed out that
the normal branch when filled with an holographic Ricci
dark energy (HRDE) can face some DE singularities.
This motivated us to improve the model with the aim
to remove or smooth these singularities by introducing
an interaction between the HDE density and the CDM
sector. An interaction between DE and CDM can relieve
the coincidence problem and at the same time may
smooth some DE singularities.
Recently, interactions between DE and CDM in the
holographic model have received a great interest by
choosing the infrared cutoff as the Hubble scale [50, 55],
as the future event horizon [56], as the Granda and
Oliveros scale [38], as a Ricci scale [22] and as a modified
holographic DE [57, 58] We show that this kind of
interaction is also a promising way to avoid or to smooth
the big rip and the little rip appearing in the non
interacting models [27, 28, 32, 59].
The unknown nature of DE and CDM makes difficult
and imprecise the choice of the form of the interaction
between them. However, the interaction is usually
considered from a phenomenological point of view
[56, 60–62], from the outset given in [50, 51] or from
thermodynamical consideration [63, 64]. The conserva-
tion equations have dimensions of energy density divided
by unit of time, therefore, the interaction between DE
and CDM is expected to lead precisely to this kind of
terms on the right hand side (rhs) of their respective
continuity equations, i.e. functions of the energy den-
sities of DE and CDM multiplied by a quantity with
units inverse of time such as the Hubble scale as have
been widely discussed in Refs [50, 56, 60, 61, 65–67].
The cosmological perturbations in this kind of models
have been studied in [68]. It was shown in that work
that if the energy density of DE is phantom like, the
curvature perturbations are always stable no matter
if the coupling is proportional to DE density or to
CDM energy density. However, it was shown that if
dark energy is of a quintessence nature, the curvature
perturbations are unstable unless the coupling of the
interaction is proportional to DE density and the range
of the coupling takes some specific values.
Motivated by the study of Refs. [53, 68], we consider
as well this form of interaction i.e. Q = λmHρm,
Q = λHHρH , or Q = H(λmρm + λHρH) where Q
denotes the interaction between the energy densities
ρm of CDM and the HRDE component ρH . The range
of the coupling of the interaction, λm and λH , are
determined by observations [69, 70]. Considering that
there is only energy transfer between DE and CDM, the
energy transfer is from CDM to DE if Q < 0 or from DE
to CDM if Q > 0 (see Eqs. (2.1) and (2.2)).
The main aim of this paper is to show that an in-
teracting holographic Ricci dark energy (IHRDE) with
CDM can describe suitably the late-time acceleration of
the universe, and at the same time improves the model
without interaction by avoiding the big rip and/or little
rip happening in the model we studied in Ref. [32].
The outline of this paper is as follows. In Sec. II we
briefly present an interacting CDM-HRDE model within
a DGP brane-world model. We assume that the Ricci
scalar is the IR cutoff of the holographic energy density.
In Sec. III, we study the modified Friedmann equation
without a bulk Gauss-Bonnet (GB) term by analyzing
analytically the asymptotic behavior of the brane and
numerically the whole expansion of the brane. An ap-
propriate choice of the interaction coupling λH avoids
the big rip and the little rip from the normal branch and
hence the IHRDE gives a satisfactory and an alternative
description of the late time cosmic acceleration of the
universe as compared with the HRDE without the GB
term in the bulk in the absence of interaction. Indeed
the later one modifies the big rip and little rip into a big
freeze one while the former removes them definitively. In
Sec. IV, we consider the model where the bulk contains
a GB term. In this case the asymptotic behaviour of the
IHRDE model depends on the sign of a discriminant D
which depends on the holographic parameter β, the GB
term, and the coupling γ (see Eqs. (4.5)-(4.7)). The
IHRDE model succeed in removing the big rip and lit-
tle rip from the future evolution of the brane. On this
case, the brane will evolve asymptotically as a de Sitter
universe for γ = 12βlim , while for γ 6= 12βlim , the situation
becomes more complicated and depends on the values of
the holographic parameter as well as on the interaction
parameter. At this regard, as we will show that the cou-
pling between HRDE and CDM plays a crucial role, even
more important than the GB parameter, in removing the
future singularities. Finally, in Sec. V, we conclude.
II. INTERACTING MODEL AND
PARAMETER CONSTRAINTS
We consider a DGP brane-world model, where the bulk
contains a GB curvature term, and the brane contains an
induced gravity term on its action [71, 72]. We restrict
our analysis to the normal branch. Assuming only an in-
teraction between CDM and the holographic component
on the brane, the conservation equations of the energy
density read
3·
ρH + 3H(1 + ωH)ρH = −Q (2.1)
·
ρm + 3Hρm = Q. (2.2)
where H is the Hubble parameter and ωH denotes the
equation of state parameter of the holographic dark en-
ergy component.
The modified Friedmann equation in the normal
branch of the DGP brane world universe containing an
holographic Ricci dark energy, ρH , and a CDM compo-
nent, with energy density ρm, can be written as [71–73]
H2 =
1
3M2p
ρ− 1
rc
(
1 +
8α
3
H2
)
H, (2.3)
where ρ = ρm+ρH is the total cosmic fluid energy density
of the brane. The parameter rc is the cross-over scale
which determines the transition from a 4-dimensional
(4D) to a 5-dimensional (5D) behaviour, and α is the
Gauss-Bonnet parameter.
Furthermore, for a spatially flat Friedmann-Lemaˆıtre-
Robertson-Walker universe, the Ricci scalar curvature is
given by
R =− 6
(
H˙ + 2H2
)
, (2.4)
the dot stands for the derivative with respect to the
cosmic time of the brane.
As already mentioned in the introduction, ρH is related
to the UV cutoff, while L is related to the IR cutoff.
Identifying L−2 with −R/6, the energy density of the
HRDE is given by [30, 32]
ρH = 3βM
2
P
(
1
2
dH2
dx
+ 2H2
)
, (2.5)
where x = ln(a/a0). The quantities a, a0 and β = c
2 are
respectively the scale factor, its present value and the
holographic dimensionless parameter which, as we will
show, plays a significant role in determining the asymp-
totic behavior of the HRDE and therefore of the brane
evolution. From now on, the subscript 0 stands for quan-
tities evaluated at the present time.
The modified Friedmann equation (2.3) can be further
rewritten as:
E2 = Ωm + ΩH − 2
√
Ωrc(1 + ΩαE
2)E, (2.6)
where E(z) = H/H0, z is the redshift and
Ωm =
ρm
3M2pH
2
0
, Ωrc =
1
4r2cH
2
0
, (2.7)
Ωα =
8
3
αH20 , (2.8)
ΩH = β(
1
2
dE2
dx
+ 2E2). (2.9)
The cosmological parameters of the model are con-
strained by evaluating the Friedmann equation (2.6) at
present
1 = Ωm0 + ΩH0 − 2
√
Ωrc(1 + Ωα), (2.10)
i.e. E(x = 0) = 1. By combining this equation and Eq.
(2.9) we obtain:
dE
dx
∣∣∣
x=0
= −2 + ΩH0
β
, (2.11)
On the other hand, given that the universe is currently
accelerating the present value of the deceleration param-
eter, q = −(1 + d lnE/dx), which reads:
q0 = 1− ΩH0
β
. (2.12)
must be negative, therefore
0 < β =
1− Ωm0 + 2
√
Ωrc(1 + Ωα)
1− q0 < ΩH0 . (2.13)
As we mentioned in the introduction, the following
analysis will be devoted to the normal branch because it
requires dark energy and because it is free from the the-
oretical problems plugging the self-accelerating branch.
By using the constraint (2.10), it can be shown that the
holographic parameter β verifies
1− Ωm0
1− q0 <
1− Ωm0 + 2
√
Ωrc
1− q0 < β. (2.14)
Taking into account the latest Planck data [4]: Ωm0 ∼
0.315 and q0 ∼ −0.558, therefore the ratio βlim .= 1−Ωm01−q0
is of the order 0.44, which means that the normal branch
is characterized by 0.44 < β.
From equations (2.6) and (2.9) the variation of the
dimensionless Hubble rate E with respect to x is
dE2
dx
= −2Ωm + 2(2β − 1)E
2 − 4√Ωrc(1 + ΩαE2)E
β
(2.15)
On the other hand, the energy conservation equation
(2.2) gives
dΩm
dx
+ 3Ωm = λHΩH + λmΩm., (2.16)
Then, using Eq. (2.9) we obtain
dΩm
dx
= λH
(
β
2
dE2
dx
+ 2βE2
)
+ (λm − 3) Ωm, (2.17)
and with Eq. (2.15) we get
4dΩm
dx
=
[
2λHβ − (2β − 1) (λm − 3)
]
E2
+
[
λHβ − β(λm − 3)
]
E
dE
dx
(2.18)
+ 2
√
Ωrc(λm − 3)(1 + ΩαE2)E,
The derivative of equation (2.15) gives
d2E2
dx2
= − 2
β
dΩm
dx
− 2 (2β − 1)
β
dE2
dx
+
4
√
Ωrc
β
(1 + 3ΩαE
2)
dE
dx
(2.19)
Finally, by using Eq. (2.18), we have
d2E2
dx2
=
[
− λH + (λm − 3)− 2(2β − 1)
β
]dE2
dx
+ 2
[
− 2λH + (2β − 1) (λm − 3)
β
]
E2
+
4
√
Ωrc
β
(1 + 3ΩαE
2)
dE
dx
(2.20)
− 4
√
Ωrc(λm − 3)
β
(1 + ΩαE
2)E
In the absence of interaction, i.e. for λH = λm = 0,
the model coincides with that of Ref. [32], in which
we have shown that for Ωα = 0, the HRDE will have
a phantom-like behaviour until it reaches a big rip sin-
gularity for β < 1/2 and a little rip for β = 1/2. In our
present model, in which the interaction between CDM
and HRDE is included, we can show numerically that the
little rip for β = 1/2, and the big rip for βlim < β < 1/2
can be avoided which in the previous work [32] becomes
a big freeze by including a GB term in the bulk action.
The question that now arises is for which values of λH ,
λm and β these singularities appearing in that model can
be avoided? To answer this question, we notice that the
differential equation (2.20) is not linear so it is not easy
to solve analytically. However, our numerical analysis of
Eq. (2.20) shows that its asymptotic behaviour is the
same as the one of Eqs. (2.18) with dΩm/dx = 0 i.e. in
the far future Ωm as well as dΩm/dx can be neglected.
This simplify considerably our task with respect of the
above singularities.
III. MODEL WITHOUT A GAUSS-BONNET
TERM
In order to solve equation (2.20), we consider first the
model without a bulk Gauss-Bonnet term i.e. Ωα = 0,
therefore
d2E2
dx2
=
[
− λH + (λm − 3)− 2(2β − 1)
β
]dE2
dx
+ 2
[
− 2λH + (2β − 1) (λm − 3)
β
]
E2
+
4
√
Ωrc
β
dE
dx
− 4
√
Ωrc(λm − 3)
β
E (3.1)
and we can write the equation (2.18) as
[λHβ − β(λm − 3)] dE
dx
(3.2)
= − [2λHβ − (2β − 1) (λm − 3)]E − 2
√
Ωrc(λm − 3)
In the following, we will discus the solution to the
above equation for the model Q = λmHρm, Q = λHHρH,
and Q = λmHρm + λHHρH.
A. The model Q = λmHρm
This model corresponds to λH = 0 and can be split
in two cases. The case λm = 3 which implies, from Eq.
(2.18), that Ωm is always constant. This case is not
physically acceptable as DM behaves as a cosmological
constant. And the case λm 6= 3 where the holographic
parameter plays a crucial role in determining the
asymptotic behaviour of the brane:
1. Asymptotic behavior β = 1/2
There is a unique solution corresponding to little rip
solution supported by the normal branch
E = 4
√
Ωrcx+ C1, (3.3)
where C1 is a constant of integration.
2. Asymptotic behavior β 6= 1/2:
Equation (3.2) gives the solution∣∣∣(2β − 1)E − 2√Ωrc∣∣∣ (3.4)
=
∣∣∣(2β − 1)E1 − 2√Ωrc∣∣∣ exp[− (2β − 1)β (x− x1)],
where E1 and x1 are integration constants.
• For β > 1/2, the dimensionless Hubble rate reaches
a constant value and the brane is asymptotically de
Sitter
E∞ =
2
2β − 1
√
Ωrc. (3.5)
5We notice that this asymptotic de Sitter solution is
possible only for β 6= 1/2. On the other hand, we
note that equation (2.16) with λH = 0, gives the
solution Ωm = Ωm0e
(λm−3)x, and by substituting
it in Eq. (2.6), we conclude that with the finite
value of the dimensionless Hubble parameter E∞
of Eq. (3.5), λm must be less or equal to 3 to en-
sure that ΩH (and therefore E) converges asymp-
totically in the far future to a finite value. So in
this case the energy density of CDM is practically
zero at the far future, and the universe converges
asymptotically to a universe filled exclusively with
an HRDE component.
• For βlim < β < 1/2, the dimensionless Hubble
rate blows up in the far future, and it follows a
superaccelerated expansion until it hits a big rip
singularity.
Therefore, the IHRDE model with Q = λmHρm
has the same asymptotic behaviour as the model
analized in Ref. [32]. So we conclude that this
model does not succeed in removing the big rip and
the little rip singularities happening in the non-
interacting model [32].
B. The model Q = λHHρH
This model corresponds to λm = 0. The holographic
β parameter determines the asymptotic behaviour of the
brane as follow.
1. Asymptotic behavior β = βLR
.
= 3
2(λH+3)
In this case Eq. (3.2) gives a little rip solution:
ELR = 4
√
Ωrcx+ C2, (3.6)
where C2 is an integration constant.
2. Asymptotic behavior β 6= βLR
The solution of Eq. (3.2) is given by:
∣∣∣[2λHβ + 3 (2β − 1)]E − 6√Ωrc∣∣∣ (3.7)
=
∣∣∣[2λHβ + 3 (2β − 1)]E1 − 6√Ωrc∣∣∣
exp[− [2λHβ + 3 (2β − 1)]
β(λH + 3)
(x− x1)],
where E1 and x1 are integration constants.
For clarity we divide our analysis in two cases:
1. β < βLR.
The dimensionless Hubble rate blows up in the far
future, and it follows a super accelerated expansion
until it hits a big rip singularity.
2. β > βLR.
The brane is asymptotically de Sitter, i.e. the Hub-
ble rate reaches a constant value E∞,
E∞ =
6
√
Ωrc
2βλH + 3 (2β − 1) . (3.8)
E∞ must be positive. The condition E∞ > 0, is
directly related to the choice of the parameters of
the model as can be seen in Eq. (3.8). For β = 1/2,
the solution reduces to E∞ = 6
√
Ωrc/λH which is
finite and no little rip is reached for a finite λH ,
unless when λH −→ 0, where E∞ blows up and one
approaches the model where there is no interaction
[32], for which the little rip is inevitable for β = 1/2.
For β > 1/2 the asymptotical de Sitter solution E∞
remains even if λH = 0.
We conclude that the interacting model acts only on
the interval βlim < β ≤ 1/2 of the normal branch, and
by choosing βLR =
3
2(λH+3)
< βlim one can avoid the
big rip singularity for βlim < β < 1/2 and the little rip
for β = 1/2 presents in the model without interaction
[32]. We notice that the inclusion of interaction between
CDM and HRDE gives a satisfactory results as compared
with the inclusion of the GB effect in the HRDE model
studied in Ref. [32]. Indeed, the inclusion of the GB
term does not avoid the singularity but it alters it to a
big freeze singularity while the interacting model smooth
the singularities by an appropriate choose of the limiting
value of the holographic parameter.
C. The model Q = λHHρH + λmHρm
1. λm = 3
In this case Eq. (3.2) gives the solution of the dimen-
sionless Hubble rate as
E = E1 exp[−2(x− x1)], (3.9)
where E1 and x1 are integration constants and it is re-
duced to a Minkowski one at far future.
2. λH = (λm − 3) and λm 6= 3
In this case the brane has a negative constant dimen-
sionless Hubble rate and it is not physical at late-time
E = −2
√
Ωrc, (3.10)
63. λH 6= (λm − 3) and λm 6= 3
a. Asymptotic behavior β = βLR
.
= 3−λm2λH−2λm+6 We
notice that for λm 6= 3 and λH 6= (λm − 3) the solu-
tion leads to a little rip when β = βLR and the Hubble
parameter reads
E = 4
√
Ωrcx+ C3, (3.11)
where C3 is a constant of integration.
b. Asymptotic behavior β 6= βLR The solution of
Eq. (3.2) is given by:
∣∣∣[2λHβ − (2β − 1) (λm − 3)]E + 2√Ωrc(λm − 3)∣∣∣
=
∣∣∣[2λHβ − (2β − 1) (λm − 3)]E1 + 2√Ωrc(λm − 3)∣∣∣
exp[− [2λHβ − (2β − 1) (λm − 3)]
λHβ − β(λm − 3) (x− x1)] (3.12)
1. If β > βLR.
The asymptotic solution corresponds to a de Sitter
brane whose Hubble parameter reads
E∞ =
−2√Ωrc(λm − 3)
2λHβ − (2β − 1) (λm − 3) . (3.13)
This asymptotic de Sitter solution gives a finite
asymptotic value of ΩH (see Eq. (2.9)).
Notice that equation (2.16) can be written in the
limit where ΩH converges asymptotically to a finite
value ΩH∞ as (3− λm)Ωm∞ = λHΩH∞ , so one can
conclude that λm must be always less than 3 in
order to have Ωm∞ > 0.
On the other hand, For β = 1/2 the solution (3.13)
is reduced to E∞ =
2
√
Ωrc(3−λm)
λH
which is finite
and the little rip is avoided for a finite λH . While
for λH −→ 0, E∞ blows up. In this case one ap-
proaches the model Q = λmHρm which coincides
with the non interaction case [32]. For β > 1/2,
the asymptotic de Sitter solution E∞ is still present
even for λH = 0 and λm = 0. For βlim < β < 0.5,
E∞ is positive by choosing λH > 1−2β2β (3 − λm).
Here again by an appropriate choose of λH , one
can avoid the big rip singularity.
2. β < βLR. The dimensionless Hubble rate blows
up in the future and it follows a super acceler-
ating expansion until it reaches a big rip singularity.
As in the previous subsection, we notice that the inter-
action between CDM and an holographic Ricci dark en-
ergy density gives satisfactory results as compared with
FIG. 1. Plot of the dimensionless Hubble rate E against x.
The cosmological parameters are assumed to be Ωm0 = 0.315,
q0 = −0.558, λm = 0.1 and λH = 0. The plot has been done
for several values of the holographic parameter that are stated
at the bottom of the figure.
the inclusion of a Gauss Bonnet term in the bulk [32].
Indeed, the inclusion of a (GB) term does not avoid the
singularity but it modifies it to a big freeze singular-
ity while the interacting model does. It is worth notic-
ing, from Eqs. (3.2) and (3.13), that the results of the
model Q = λHHρH + λmHρm are similar to those with
Q = λHHρH by making the transformation λH −→ 3λH3−λm
in the model Q = λHHρH.
D. Numerical analysis
The analytical solutions of equation (3.1) are not at all
obvious so a numerical analysis is required.
In order to solve numerically Eq. (3.1), we choose
Ωm0 = 0.315 and q0 = −0.558, as it is given by the latest
Planck data [4] and assuming that our model is pretty
much similar to a ΛCDM scenario at the present time.
For a given value of β, the dimensionless energy density
ΩH0 is fixed through Eq. (2.12), while the crossover scale
parameter Ωrc is fixed by the constraint Eq. (2.10).
In Fig. 1, we show the solutions corresponding to the
model Q = λmHρm for different values of β. For β = 0.45
and β = 0.47 the brane expands exponentially with re-
spect to x in the future until it reaches a big rip singular-
ity, while for β = 0.6 and β = 0.8 the brane expands as
an inverse of the exponential of x and remains asymptoti-
cally de Sitter in the future. Finally for β = 0.5 the brane
has an asymptotic solution of the form E = Ax+B which
corresponds to a little rip solution. All of these numerical
solutions are in agreement with the analytical analysis as
it should be. In addition, the model Q = λmHρm has the
same asymptotic result as in Ref. [32].
Figs. 2 and 3 correspond to the model Q = λHHρH.
7FIG. 2. Plot of the dimensionless Hubble rate E against x for
the normal branch. The cosmological parameters are assumed
to be Ωm0 = 0.315, q0 = −0.558, λm = 0 and λH = 0.4.
The plot has been done for several values of the holographic
parameter that are stated at the bottom of the figure.
In Fig. 2 we show the numerical solutions of Eq. (3.1) for
different values of β. For all these solutions the condition
β > 32(λH+3) is satisfied, the brane is asymptotically de
Sitter in the far future and the dimensionless Hubble rate
E approaches the value E∞ = 6
√
Ωrc
2βλH+3(2β−1) which is in
agreement with the analytical analysis (see Eq. (3.8)).
It is worth noticing the avoidance of the big rip singular-
ity for βlim < β < 1/2 and the little rip singularity for
β = 1/2 by assuming the interaction between CDM and
HRDE component, while in the model [32] the big rip
and the little rip singularities are obtained respectively
for β < 1/2 and β = 1/2. Fig. 3 illustrates the numer-
ical solutions of Eq. (3.1) for β = 0.45 and for different
values of λH. For λH = 1/3, λH >
1
3 and λH <
1
3 ,
Fig. 3 shows respectively the little rip solution, the de
Sitter behaviour and the solution which hits a big rip
singularity. For the model Q = λHHρH + λmρm, the
above discussions are translated to the sets of the couple
(λm, λH). Indeed, by translating the constraints on λH
to 3λH3−λm and requiring that the couple (λm, λH) verifies
these constraints the same conclusions are obtained.
In order to complete our numerical study and by im-
posing that the brane is currently accelerating, we an-
alyze the equation of state ωH = pH/ρH, ωeff and the
deceleration parameter q where ρH , pH and ωeff are the
HRDE density, its pressure and its effective equation of
state associated to the effective energy density (please cf.
Eq. (3.16)) respectively.
From Eq. (2.1) and Q = λHHρH, we obtain
ωH = −1− λH − 1
3
d ln(ΩH)
dx
, (3.14)
where ΩH is defined in Eq. (2.9). In terms of the dimen-
sionless Hubble rate E and its derivatives with respect to
FIG. 3. Plot of the dimensionless Hubble rate E against x
for the branch β = 0.45. The cosmological parameters are
assumed to be Ωm0 = 0.315, q0 = −0.558. The plot has been
done for λm = 0 and for several values of the parameter λH
that are stated at the bottom of the figure. We can see a big
rip behaviour for λH = 0.3, little rip behaviour for λH = 1/3
and de Sitter behaviour for λH ≥ 0.35.
x, ωH can be rewritten as
ωH = −λH − 1−
(
dE
dx
)2
+ E
d2E
dx2
+ 4E
dE
dx
3E
dE
dx
+ 6E2
. (3.15)
The effective equation of state ωeff can be obtained by
rewriting the Friedmann equation (2.6) as the standard
Friedmann equation
E2 =
1
3M2pH
2
0
(ρm + ρeff), (3.16)
where ρeff is the effective energy density that can be de-
fined through Eq. (2.5) as
ρeff = 3M
2
pH
2
0
[1
2
β
dE2
dx
+ 2βE2 − 2
√
ΩrcE
]
. (3.17)
Furthermore, from the conservation equation
ρ˙eff + 3H(1 + ωeff)ρeff = 0, (3.18)
we obtain the effective equation of state
1 + ωeff = − 1
3ρeff
dρeff
dx
. (3.19)
Fig. 4 shows some examples of the behavior of the
equation of state for the current cosmological values, for
λH = 0.1 and for different values of β. As it can be
clearly noticed from Eq. (3.15) and illustrated in Fig. 4,
8ωH approaches −λH−1 at very late-time for β > 32(λH+3)
corresponding to a de Sitter behaviour of the brane as it is
also confirmed by the effective equation of state ωeff plot-
ted in Fig. 5 (for λH = 0.1 and β > 0.48, ωH approaches
−1.1 and ωeff is less than −1). Therefore, HRDE will
behave as a phantom like fluid even though the brane
undergoes a de Sitter stage asymptotically. Fig. 6 shows
that the Universe continues accelerating in the future.
For the model Q = λHHρH +λmρm, the sets of the cou-
ple (λm, λH) that verifie the constraint
3λH
3−λm = 0.1 lead
to the same conclusions. We conclude that this kind of
interaction can describe the current acceleration expan-
sion of our Universe.
IV. MODEL WITH GAUSS-BONNET TERM IN
THE BULK
Now we consider the model where the bulk action con-
tains a GB curvature term in order to analyze the pos-
sibility of avoiding the big freeze present in the absence
of interaction between CDM and HRDE and in order to
improve the constraints between the interaction and the
beta parameters. In the same manner we show that the
avoidance of the big rip and little rip requires finite values
of Ωm at the far future.
From Eq. (2.18), the solution for the interaction λm =
3 and λH = 0 is similar to the case without the GB
term which is already analysed in the case Q = λmHρm.
Therefore, Eq. (2.18) should be analyzed only for λm 6= 3
and can be written as
[
λHβ − β(λm − 3)
]dE
dx
= −
[
2λHβ − (2β − 1) (λm − 3)
]
E
− 2
√
Ωrc(λm − 3)(1 + ΩαE2) (4.1)
in the asymptotic regime where dΩm/dx→ 0.
For λm 6= 3, and in order to compare our results to the
case without interaction [32], it is interesting to rewrite
equation (4.1) as
β˜
dE
dx
= −
[(
2β˜ − 1
)
E − 2
√
Ωrc(1 + ΩαE
2)
]
, (4.2)
where β˜ = γβ, and
γ =
(
1 +
λH
3− λm
)
. (4.3)
The solutions of Eq. (4.2) depends on the sign of the
discriminant D of the polynomial on its rhs, which reads
D =
(
2β˜ − 1
)2
− 16ΩrcΩα, (4.4)
and can be factorised as follows
D = F(β − β−)(β − β+), (4.5)
FIG. 4. Plot of the equation of state ωH against x for λH =
0.1. The cosmological parameters are assumed to be Ωm0 =
0.315, q0 = −0.558. The plot has been done for several values
of the parameter β that are stated at the bottom of the figure.
FIG. 5. Plot of the effective equation of state ωeff against
x for λH = 0.1. The cosmological parameters are assumed
to be Ωm0 = 0.315, q0 = −0.558. The plot has been done
for several values of the parameter β that are stated at the
bottom of the figure.
where
β± =
1 + Ωα ± 2
√
Ωα(1− Ωm0)
2[(1 + Ωα)γ ±
√
Ωα(1− q0)]
. (4.6)
and
F = 4
[
γ2 − Ωα
(
1− q0
1 + Ωα
)2]
. (4.7)
9FIG. 6. Plot of the deceleration parameter q against x for
λH = 0.1. The cosmological parameters are assumed to be
Ωm0 = 0.315, q0 = −0.558. The plot has been done for several
values of the parameter β that are stated at the bottom of
the figure.
Fig. 7 shows the behaviour of the parameters β± against
Ωα for the cosmological parameters Ωm0 = 0.315 and
q0 = −0.558. As can be seen from Fig. 7, β+ = β− =
βlim for γ =
1
2βlim
. For 12βlim < γ (γ <
1
2βlim
), β+ < β− <
βlim (βlim < β+ < β−).
In the following we analyze the effect of the interaction
between CDM and HRDE component on the singularities
appearing on the same model without such interaction
(cf. Ref. [32]).
A. Q = λmHρm
In this case and from Eq. (4.3) γ = 1, we obtain the
same asymptotic result as in Ref. [32], and we conclude,
as in the previous section, that the IHRDE model with
Q = λmHρm does not succeed to remove the big freeze
presented in the range βlim < β < β− for the holographic
Ricci dark energy in a DGP brane world model with a
GB term in the bulk.
B. Q = λHHρH and Q = λHHρH + λmHρm
The analysis will be done for the model Q = λHHρH
while the generalization to the model Q = λHHρH +
λmHρm, as it can be noticed from Eq. (3.2), will be
obtained by replacing λH by
3λH
3−λm
FIG. 7. Plot of the β± parameters against Ωα. The cosmolog-
ical parameters are assumed to be Ωm0 = 0.315, q0 = −0.558.
The plot has been done for several values of the parameter γ.
FIG. 8. Plot of the dimensionless Hubble rate E against x
for an interacting coefficient γ = 1
2βlim
. The cosmological
parameters are assumed to be Ωm0 = 0.315, q0 = −0.558 and
Ωα = 0.1. The plot has been done for several values of the
holographic parameter that are stated at the bottom of the
figure.
1. γ = 1
2βlim
In this case βlim = β− = β+ and the discriminant
is equal to D = F(β − βlim)2 which is always positive.
The solution of the asymptotic Friedmann equation (4.2)
reads:∣∣∣∣∣4Ωα
√
ΩrcE − 2γβ + 1 +
√D
4Ωα
√
ΩrcE − 2γβ + 1−
√D
∣∣∣∣∣ = C2 exp
[
−
√D
γβ
(x− x2)
]
,
(4.8)
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FIG. 9. Plot of the dimensionless Hubble rate E against x
for the normal branch, and for the negative sign of D. The
cosmological parameters are assumed to be Ωm0 = 0.315, q0 =
−0.558, Ωα = 0.1, λm = 0 and λH = 0.3. The plot has been
done for several values of the holographic parameter that are
stated at the bottom of the figure.
where
C2 =
∣∣∣∣∣4Ωα
√
ΩrcE2 − 2γβ + 1 +
√D
4Ωα
√
ΩrcE2 − 2γβ + 1−
√D
∣∣∣∣∣ , (4.9)
x2 and E2 are integration constants. We can deduce that,
for very large values of x, the brane behaves asymptot-
ically like an expanding de Sitter universe, i.e. with a
constant positive Hubble rate (see Eq. (4.4))
E+ =
(2γβ − 1)−√D
4Ωα
√
Ωrc
=
( ββlim − 1)−
√D
4Ωα
√
Ωrc
. (4.10)
2. γ 6= 1
2βlim
1. Negative discriminant (D < 0): The discriminant
D is negative for 12βlim < γ where β satisfies β− <
β < β+ < βlim or for γ <
1
2βlim
where βlim < β+ <
β < β− (cf. Eq. (4.5) and Fig. 7). The first
case will be ignored since it corresponds to the self-
accelerating branch. Hence only the case γ < 12βlim
will be analysed. The Friedmann Eq. (4.2) can be
integrated as
E =
1
4Ωα
√
Ωrc
{√
|D| tan
[√|D|
2γβ
(x− C2)
]
+ 2γβ − 1
}
,
(4.11)
FIG. 10. Plot of the dimensionless Hubble rate E against x,
for the positive sign of D, and for an interacting coefficient
such that γ < 1
2βlim
. The cosmological parameters are as-
sumed to be Ωm0 = 0.315, q0 = −0.558, Ωα = 0.1, λm = 0
and λH = 0.3. The plot has been done for several values of
the holographic parameter that are stated at the bottom of
the figure.
where
C2 = x2 + 2γβ√|D| arctan
[
−4Ωα
√
ΩrcE2 + 2γβ − 1√|D|
]
,
(4.12)
x2 and E2 are integration constants. Consequently,
there is always a finite value of the scale factor or
x where the Hubble rate and its derivative blow up
at
xsing1 = C2 +
2γβ√|D|
(
n+
1
2
)
pi, n ∈ Z, (4.13)
where ”sing1” denotes the big freeze singularity.
Therefore we conclude that the brane hits a big
freeze singularity in the future as the event xsing1
takes place at a finite future cosmic time tsing1
[9, 74].
2. Positive discriminant (0 < D):
The discriminant D is positive for 12βlim < γ, and
β+ < βlim < β or for γ <
1
2βlim
and β satisfying
β− < β or βlim < β < β+ (cf. Eq. (4.5), Fig. 7, see
also Fig. 10, and 11 which will be discussed later).
The solution of the asymptotic Friedmann equation
(4.2) reads∣∣∣∣∣4Ωα
√
ΩrcE − 2γβ + 1 +
√D
4Ωα
√
ΩrcE − 2γβ + 1−
√D
∣∣∣∣∣ = C2 exp
[
−
√D
γβ
(x− x2)
]
,
(4.14)
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FIG. 11. Plot of the dimensionless Hubble rate E against x,
for the positive sign of D, and for an interacting coefficient
such that γ > 1
2βlim
. The cosmological parameters are as-
sumed to be Ωm0 = 0.315, q0 = −0.558, Ωα = 0.1, λm = 0
and λH = 0.6. The plot has been done for several values of
the holographic parameter that are stated at the bottom of
the figure.
where
C2 =
∣∣∣∣∣4Ωα
√
ΩrcE2 − 2γβ + 1 +
√D
4Ωα
√
ΩrcE2 − 2γβ + 1−
√D
∣∣∣∣∣ , (4.15)
x2 and E2 are integration constants. We can de-
duce that the brane behaves asymptotically like an
expanding de Sitter universe with a positive Hubble
rate
E+ =
(2γβ − 1)−√D
4Ωα
√
Ωrc
, (4.16)
for γ > 12β . While for the case, γ ≤ 12β the Hubble
rate E+ is negative and the asymptotic analysis
performed is no longer valid. In fact, the brane
faces a big freeze singularity where, from Eq. (4.1),
the expansion of the brane can be approximated by
E ∼ γβ
2Ωα
√
Ωrc (xsing2 − x)
. (4.17)
The constant xsing2 stands for the “size” of the
brane at this big freeze singularity ”sing2”. The
Hubble rate Eq. (4.17) can be integrated over time,
resulting in the following expansion for the scale
factor of the brane
a = asing2 exp
−( H0
Ωα
√
Ωrc
) 1
2 √
tsing2 − t
 . (4.18)
The big freeze singularity takes place at a finite
scale factor, asing2 , and a finite cosmic time, tsing2 .
FIG. 12. Plot of the dimensionless Hubble rate E against x,
for vanishing D, and for an interacting coefficient γ < 1
2βlim
.
The cosmological parameters are assumed to be Ωm0 = 0.315,
q0 = −0.558, Ωα = 0.1, and λm = 0. The plot has been
done for several values of the holographic parameter, and the
interacting parameter λH that are stated at the bottom of the
figure.
This latter case can be removed by an appropriate
choice of λm and λH through the coupling γ,
which allows removing the big freeze present in the
case D >0 by making the brane asymptotically de
Sitter.
3. Vanishing discriminant (D = 0):
Finally, the discriminant D vanishes when β = β+
or β−. This can take place on the normal branch for
γ < 12βlim . The solution of the modified Friedmann
equation (4.2) can be expressed as
E = − 1
4Ωα
√
Ωrc
[
(2γβ − 1)− 1C3 + 12γβ (x− x3)
]
,
(4.19)
where
C3 = 1
2γβ − 1 + 4Ωα
√
ΩrcE3
, (4.20)
x3 and E3 are integration constants. By taking the
limit x→∞, the dimensionless Hubble rate (4.19)
reduces to
E+ =
(2γβ − 1)
4Ωα
√
Ωrc
, (4.21)
E+ coincides with the one of Eq. (4.16) for a vanish-
ing D. The brane can be asymptotically de Sitter
for the normal branch if 12β < γ <
1
2βlim
, otherwise
the Hubble rate E+ is negative and the asymptotic
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FIG. 13. Plot of the effective equation of state ωeff against x,
for γ = 1
2βlim
. The cosmological parameters are assumed to
be Ωm0 = 0.315, q0 = −0.558, Ωα = 0.1. The plot has been
done for several values of the holographic parameter that are
stated at the bottom of the figure.
FIG. 14. Plot of the effective equation of state ωeff against
x, for the negative sign of D, which correspond to γ < 1
2βlim
.
The cosmological parameters are assumed to be Ωm0 = 0.315,
q0 = −0.558, Ωα = 0.1, λm = 0 and λH = 0.3. The plot has
been done for several values of the holographic parameter that
are stated at the bottom of the figure.
analysis performed is no longer valid. This behavior
can be seen from the numerical analysis presented
in Fig. 12 and the brane undergoes a big freeze
singularity with an expansion given by Eq. (4.17).
The results of the model for Q = λHHρH +λmHρm
are similar to those with Q = λHHρH after making
the transformation λH −→ 3λH3−λm in the model Q =
λHHρH.
FIG. 15. Plot of the effective equation of state ωeff against
x, for the vanishing D. The cosmological parameters are as-
sumed to be Ωm0 = 0.315, q0 = −0.558, Ωα = 0.1, λm = 0.
The plot has been done for several values of the holographic
parameter that are stated at the bottom of the figure.
FIG. 16. Plot of the effective equation of state ωeff against
x, for the positive sign of D. The cosmological parameters are
assumed to be Ωm0 = 0.315, q0 = −0.558, Ωα = 0.1, λm = 0.
The plot has been done for several values of the holographic
parameter, and the interacting parameter λH that are stated
at the bottom of the figure.
C. Numerical analysis
The asymptotical analysis we have carried out in the
previous subsection can be completed with a numerical
analysis of Eq. (2.20).
Fig. 8 shows some numerical solutions for γ = 12βlim
corresponding to the normal branch in which we are in-
terested. As we notice, the brane is asymptotically de
Sitter in the future, and the dimensionless Hubble rate E
13
approaches the value E+ =
( ββlim
−1)−√D
4Ωα
√
Ωrc
. For γ 6= 12βlim ,
we discuss the numerical analysis with respect to the sign
of the discriminant D: (i) Fig. 9 shows the numerical so-
lutions of Eq. (2.20) for a negative value of D. The
brane expands with respect to x in the future until it
reaches a big freeze singularity which is consistent with
our analytical results, (ii) For a positive sign of D and
for γ < 12βlim , Fig. 10 shows that the brane expands un-
til it reaches a big freeze singularity for β = 0.45, and
β = 0.52 for γ < 12β , and a de Sitter solution for β = 1/2
and β = 0.6, for γ > 12β . These results are similar to our
previous analytical analysis. For γ > 12βlim the numerical
solutions behave like a de Sitter solutions as shown in
Fig. 11, which is of course consistent with the analyti-
cal results, (iii) When the discriminant D vanishes, the
solutions are shown in Fig 12. The brane expands with
respect to x in the future until it reaches a big freeze for
β = 0.45, and β = 0.46 for γ < 12β , and behaves like a de
Sitter solution for β = 0.47, and β = 0.51 for γ > 12β . All
of these solutions again are consistent with our previous
analytical analysis.
For completeness, we plot in Figs. 13-16 the be-
haviours of the effective equation of state, ωeff , defined
in Eq. (3.18)-(3.19) where ρeff reads in this case
ρeff = 3M
2
pH
2
0
[1
2
β
dE2
dx
+ 2βE2 − 2
√
Ωrc(1 + ΩαE
2)E
]
(4.22)
Fig. 13 shows the behaviours of the effective equation of
state for γ = 12βlim . At the far future ωeff has a phantom
like even though the brane follows a de sitter behaviour.
Fig. 14 shows the behaviours of the effective equation
of state for the negative sign of D i.e. γ < 12βlim . The
parameter ωeff has a phantom like behaviour and the
brane ends its expansion in a big freeze singularity.
Fig. 15 shows the behaviours of the effective equation
of state for the vanishing D. Once again the parameter
ωeff has a phantom like for
1
2β < γ <
1
2βlim
even though
the brane follows a de sitter expansion while for γ <
1
2β <
1
2βlim
the brane ends its behaviours in a big freeze
singularity.
Fig. 16 shows the behaviours of the effective equation
of state for a positive sign of D. The equation of state
parameter ωeff has a phantom like behaviour with two
possible end states of the brane: (i) A de sitter behaviour
of the brane for 12βlim < γ e.g. β = 0.6 and γ = 0.6 and
for 12β < γ <
1
2βlim
e.g. β = 0.5 and γ = 1.1 (ii) while for
γ < 12βlim the brane ends its behaviours in a big freeze
singularity.
V. CONCLUSIONS
In this paper, we have presented an interacting holo-
graphic Ricci dark energy model (IHRDE) with a cold
dark matter (CDM) component in an induced gravity
brane world model. We have shown that the late time
acceleration of the universe is consistent with the current
observational data with and without a Gauss-Bonnet
(GB) curvature term in the bulk action.
The parameter β that characterizes HRDE is very
important in determining the asymptotic behaviour of
the holographic Ricci dark energy (HRDE) and that of
the brane. The parameter β is bounded by a limiting
value, βlim, that splits the self-accelerating branch from
the normal one. In this paper, we have considered only
the normal branch, i.e. β > βlim, which suffers from the
big rip and the little rip singularities (see Ref. [32]).
Assuming that, at present, our model does not deviate
too much from ΛCDM, the value of βlim is estimated to
be of the order 0.44.
The interaction is characterized by the quantity
Q = λHHρH + λmHρm where λH and λm are the cou-
pling characterizing the HRDE and the CDM interaction.
For a vanishing λH , the interaction model character-
ized only by the CDM energy does not succeed to remove
the big freeze singularity occurring in the non interacting
model [32] with and without the GB curvature term.
For a vanishing λm, the model with interaction be-
tween the dark sector of the universe can be splited into
two cases:
• Without a GB term the IHRDE model shows that
the interaction removes the little rip singularity
for β = 1/2 to β = 32(3+λH) , and reduces the width
of the big rip singularity from βlim < β < 1/2
to βlim < β <
3
2(3+λH)
< 1/2. Therefore an
appropriate choice of the coupling λH such that
3
2(3+λH)
< βlim avoids the big rip and the little
rip and hence the IHRDE gives a satisfactory
and an alternative description of the late time
cosmic acceleration of the universe as compared to
the HRDE. Indeed the later one modifies the big
rip and little rip into a big freeze one while the
former removes them definitively. Furthermore the
IHRDE will have a phantom-like behaviour even
though the brane undergoes a de Sitter stage at
the very late time.
• With a GB term in the bulk the IHRDE model de-
pends on the sign of the discriminant D through the
parameter β, the GB parameter, and the coupling
γ. In the particular case γ = 12βlim , the interacting
model succeed in removing the big rip and little rip
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Without a Gauss-Bonnet term
Sec. Interacting model λ β Late time behaviour
III A λm 6= 0, λH = 0 λm = 3 − Non physical
λm 6= 3 β = 12 LR
λm 6= 3 β > 12 de Sitter
λm 6= 3 βlim < β < 12 BR
III B λm = 0, λH 6= 0 -− β = βLR = 32(λH+3) LR
β < βLR BR
β > βLR de Sitter
III C λm 6= 0, λH 6= 0 λm = 3 − Minkowski
λH = λm − 3 − Non physical
λH 6= λm − 3 β = βLR = 3−λm2(λH−2(λm+6) LR
β > βLR de Sitter
β < βLR BR
With a Gauss-Bonnet term
Sec. Interacting model D γ λ Late time behaviour
IV A λm 6= 0, λH = 0 − 1 λm = 3 Non physical
− 1 λm 6= 3 Big Freeze [32]
IV B ∗ λm = 0, λH 6= 0 D < 0 γ < 12βlim − Big Freeze
0 ≤ D 1
2β
< γ ≤ 1
2βlim
− de Sitter
γ < 1
2β
< 1
2βlim
− Big Freeze
TABLE I. Summary of the behaviours of the universe at late time, for different DM and DE interactions. (∗) The case
λm 6= 0, λH 6= 0 is obtained by replacing λH by 3λH3−λm in the expressions of γ and D.
singularity from the brane future evolution and it
will evolve asymptotically as a de Sitter universe as
is shown in Fig. 13. For γ 6= 12βlim , the situation
depends on the sign of the discriminant D:
1. If D <0, which correspond to γ < 12βlim . The
brane expand in the future until it reaches a
big freeze singularity as is shown in Fig. 14.
2. If D = 0, two situations can be found (as is
shown in Fig. 15)
a-: When 12β < γ <
1
2βlim
, the brane is asymp-
totically de Sitter.
b-: When γ < 12β <
1
2βlim
, the brane hits a
big freeze singularity.
3. If D > 0, two situations can be found (as is
shown in Fig. 16)
a-: When γ > 12βlim , the brane expands in the
future until it reaches a de Sitter stage.
b-: When γ < 12βlim , the brane becomes
asymptotically de Sitter in the future for
γ > 12β , while for γ <
1
2β the brane hits a
big freeze singularity.
Taking into account both couplings λm and λH the
description of the interaction between CDM and HRDE is
similar to the interaction characterised only by λH in the
HRDE by replacing the coupling λH in the interaction
form Q = λHHρH by the quantity
3λH
3−λm . The same
conclusions are obtained by requiring that the constraints
on the parameter γ are verified for the sets of the couple
(λm, λH) for which γ = 1 +
λH
3−λm .
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